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Abstract We study questions inspired by Erdős’ celebrated distance problems with
dot products in lieu of distances, and for more than a single pair of points. In par-
ticular, we study point configurations present in large finite point sets in the plane
that are described by weighted trees. We give new lower bounds on the number
of distinct sets of dot products serving as weights for a given type of tree in any
large finite point set. We also as demonstrate the existence of many repetitions of
some special sets of dot products occurring in a given type of tree in different con-
structions, narrowing gap between the best known upper and lower bounds on these
configurations.

1 Introduction

1.1 Background

In 1946, in [10], Paul Erdős posed a problem that continues to inspire mathemati-
cians: In a large finite set of points in the plane, what is the upper bound of the
number pairs can determine the same distance? This is often called the unit distance
problem. A related problem also described in [10] is the so-called distinct distances
problem, which asks for a lower bound on the number of distinct distances that must
be determined by any large finite set of points in the plane.

For the unit distance problem, after some initial activity, general progress seems
to have halted in 1984, at the upper bound of a constant times n

4
3 , given by Sze-

merédi and Trotter in [24]. In the case of the distinct distances problem, there was
much activity and incremental progress up until 2010, when Guth and Katz essen-
tially resolved the problem in [13]. For a more detailed look, see [12] and [13], and
the references contained therein.
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Though Erdős originally asked about pairs of points determining a fixed distance,
there are a number of well-studied variants involving k-tuples of points determining
other values, such as direction, angle, or dot product. Moreover, there are many
different settings besides finite point sets in R2, such fractal sets, higher dimensions,
or even different types of vector spaces and modules over finite fields and rings. For
some examples and discussions, see [6, 9, 16, 18, 28] and the references contained
therein. Also, we will assume that the dot products discussed below are all nonzero,
unless otherwise specified, as zero dot products can exhibit quite distinct geometric
structure. See [14, 18, 20] for more on the unique geometric properties of zero dot
products.

We highlight for the moment on the specific problem of the number of distinct dot
products determined by a large finite point set in the plane. Given a set of n points in
the plane, a straightforward argument using the celebrated Szemerédi-Trotter the-
orem (from [27]) guarantees the existence of at least a constant times n

2
3 distinct

dot products. We prove this below as Corollary 1. This was the best-known bound
for many years until the recent developments by Hanson, Roche-Newton, and the
fourth listed author in [15], where an exponent of 2

3 +
1

2739 was achieved by relying
on tools from additive combinatorics.

1.2 Setting

In this note, our primary focus will be trees. We now describe the setup in detail.
For a given large finite point set E ⊆ Rd , with d ≥ 2, we consider GE the complete
edge-weighted graph whose vertices are points from E and whose edge weights are
determined by the dot product between the associated vertices. Now, given a tree T ,
we estimate two things: how many different sequences of edge weights correspond
to instances of T as a subgraph in GE , and how many times a specific sequence of
edge weights occurs as the weights for a copy of T in GE . The former is analogous
to the distinct distances problem, while the latter is akin to the unit distance problem.

To this end, we introduce some notation. Given a tree T with vertices (v1, . . . ,vk+1)
we denote its k edges by {{vi1 ,vi2},{vi3 ,vi4}, . . . ,{vi2k−1 ,vi2k}}, where the indices
for each pair of vertices corresponding to an edge, {vi2 j−1 ,vi2 j}, are indexed in lexi-
cographical order. Now, given a sequence of real number weights w⃗ := (α1, . . . ,αk),
we can consider the weighted tree T⃗w where the edge connecting vi2 j−1 to vi2 j has
weight α j, for j = 1, . . . ,k. In what follows, we will usually be concerned with edge
weights equal to the dot product determined by the pair of points corresponding to
the pair of vertices.

There is an abundance of literature on the case that our tree T is a path of length
k, sometimes called a k-chain. See for example [2], [11], and [22] for distance chain
bounds, and see [3] and [20] for results related to dot product chains. More general
trees have also been widely studied, but we direct special attention to [21], by Ou and
Taylor, and later, [23], by Dung, Pham, and the fourth listed author, for motivating
the results here.



Bounds on distinct and repeated dot product trees 3

Throughout this paper, we assume that k is like a constant compared to the size of
any subset E. To ease exposition, we use the asymptotic symbols X ≲Y if X =O(Y ),
and X ≈Y when X =Θ(Y ). Moreover, we write X ⪆Y when for every ε > 0, there
exists a constant Cε > 0 such that X ≳Cε qεY.

1.3 Main results

Our main result follows the ideas in [21]. It gives lower bounds for the number of
distinct sets of dot products much arise as edge weights for trees in a large finite
point set in the plane. We note that there is a hypothesis about the number of points
along a line through the origin, as there is a technical obstruction from certain spe-
cial cases of point sets which we discuss in further detail below.

Theorem 1. Given a large finite set of points E ⊆R2, with no more than ≳ n
2
3 points

on any line through the origin, and a tree T on k edges, the number of distinct k-
tuples of dot products, w⃗, for which the tree T⃗w is realized in E is at least ≳ n

2k
3 .

The key to proving this result is a pinned dot product result between two sets,
stated precisely below as Theorem 6. While this result does not immediately extend
to to higher dimensions, we can still obtain a nontrivial pinned estimate.

Theorem 2. Given a large finite set of n points E ⊆ Rd , we have that there exists a
point x ∈ E for which

|{x · y : y ∈ E}|≳ n
2

2d−1 .

The other result we have gives lower bounds on how often a particular set of dot
product edge weights can occur in some specific point set constructions. It is based
on two different constructions which have different strengths and weaknesses.

Theorem 3. Given a tree T on k edges, and a large finite natural number n, there
exists a k-tuple of dot products w⃗ and set of n points in Rd that exhibits

≳ max
{

n1+ k(d−1)
(d+1) ,n⌈

k
2⌉
}

copies of T⃗w.

We can see that depending on k and the ambient dimension, one or the other
bound may dominate. To compare this with known results, we can consider a special
case. Suppose T is a perfect binary tree of height h. It is known that this tree has
2h+1−1 vertices, meaning it has 2h+1−2 edges. So if we set k = 2h+1−2, Theorem
3 guarantees the existence of a set of n points and a k-tuple of dot products w⃗ in the
plane that has ≳ n2h−1 copies of T⃗w. This is within one power of n of the upper
bounds on the same, given in [14], as the following result will show. We note here
that in [14], Theorems 1.12 and 1.13 are correct for c-ary trees when c = 2, but have
some superficial typos when c ̸= 2.
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Theorem 4. [Theorem 1.13 from [14]] Given a large finite set of n points E ⊆R2, a
complete balanced binary tree T of height h, and a

(
2h+1 −2

)
-tuple of dot products

w⃗, there cannot be more than ≲ n2h
copies of T⃗w determined by points in E.

The structure of the rest of the paper is as follows. We first acquaint the reader
with our primary tools, then prove the main technical theorem, which is a pinned
estimate. We then show how to use this to prove our first main result, which is a
lower bound on distinct k-tuples of dot products determined by trees isomorphic to
a given tree. Finally, we conclude with two constructions that together establish our
second main result, a lower bound on how often a particular k-tuple of dot products
determined by trees isomorphic to a given tree can occur.

2 Proofs

2.1 Tools

Given a point p = (p1, p2) ∈ R2 \ {(0,0)}, the set of points q ∈ R2 that determine
dot product α with p form a line whose slope is perpendicular to the line through
both p and the origin. To see this, we simply recall the definition of dot product and
rearrange the equation p1q1 + p2q2 = α. We sometimes call this the α-line of p,
and denote it ℓα(p). A direct consequence of this definition is that p ̸= q implies
ℓα(p) ̸= ℓα(q). We now recall the Szemerédi-Trotter theorem from [27]. Given a
point p and a line ℓ, we call the pair (p, ℓ) an incidence if the point p is on the line
ℓ.

Theorem 5. Given a set of n points and m lines in the plane, the number of inci-
dences between the points and lines is at most

≲ (mn)
2
3 +n+m.

We now give the following well-known corollary alluded to above to illustrate
some of the basic ideas to come.

Corollary 1. Given a large finite set of n points E ⊆ R2, the point pairs determine
at least n

2
3 distinct dot products.

Proof. Fix any α ̸= 0, construct the set of α-lines ℓα(p) for every p∈ E. Any time a
point q is on an α-line ℓα(p), we have that p ·q = α, and vice versa. So the number
of times that the dot product α occurs between pairs of points in the set E is exactly
the number of incidences between points and α-lines. Since there were n points, and
each determines a unique α-line, we have n lines. So by Theorem 5, we have that α

can occur no more than ≲
(
n2
) 2

3 = n
4
3 times. Since this is true for any α ̸= 0, and

there are n2 distinct pairs of points, we get that the number of distinct dot products
must be at least
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n2

n
4
3
≳ n

2
3 .

Corollary 1 shows that there are many distinct dot products, but it does not show
that any particular point determines many distinct dot products. For this, we intro-
duce another concept. Given a point p and a set of points E, we define the pinned
dot product set Πp(E), to be the set of dot products determined by p and the points
in the set E. In this case, we call the point p a pin. Specifically,

Πp(E) := {p ·q : q ∈ E}.

2.2 The pinned result

We now state a pinned version of Corollary 1.

Theorem 6. Given two subsets E and F of R2 consisting of n points each, where E
has no more than ≳ n

2
3 points on any line through the origin, we have that there is a

subset E ′ ⊂ E of size |E ′| ≥ 1
2 n with the property that for any x ∈ E ′, the number of

distinct dot products determined by x and the points in F is at least ≳ n
2
3 . Moreover,

if E = F, we get the same results without the hypothesis about the number of points
on any line through the origin.

The proof we give essentially comes from Section 9.2 in [12], but Theorem 6
highlights the pinned nature of the result, which is not explicitly stated in the original
text. Moreover, we slightly modify the proof to get a result for two sets of points
instead of one, which is what we will need later. Unfortunately, because we are
specifying which set the good pin must come from, this brings in the possibility
of pathological pairs of point sets. For example, if E is a set of n points on a line
through the origin and F is a set of n points on a line perpendicular to the line
containing E, then we would have that each point x ∈ E we have |Πx(F)| = 1.
However, if E = F above, we will see in the proof that we can drop the hypothesis
that no line through the origin has more than ≳ n

2
3 points of E.

In order to prove this result, we will rely on a version of the so-called crossing
number lemma. In order to state the lemma, we remind the reader of two concepts.
First, a multigraph is a generalization of a graph allowing for multiple distinct edges
connecting pairs of vertices. We refer to the number of distinct edges connecting a
given pair of vertices as the edge multiplicity of that pair of vertices. Second, given
a graph G, its crossing number, denoted cr(G) is the minimum number of pairs
of edges that cross taken over any drawing of G in the plane. So, a planar graph
has crossing number zero, but any graph that is not planar has a positive crossing
number. We now state a multigraph version of the crossing number lemma, from
Székely in [26].

Lemma 1. Given a multigraph G with v vertices, e edges, and a maximum edge
multiplicity of m, satisfying e > 5mv, we have that
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cr(G)≳
e3

mv2 .

With this in tow, we prove Theorem 6.

Proof. We will also assume that the origin is not in E or F , as it can only determine
the dot product zero anyway. Construct a graph, G, whose vertex set is the point set
E ∪F . Note, although we defined a graph GE related to a point set E above, this
graph will have very different edges than GE . For every point p ∈ E, draw the α-
lines for each α ∈ Πp(F). By definition, for each p, the associated lines drawn will
be parallel to one another. Now, for every such ℓα(p) with more than one point on it,
we connect vertices by an edge if their corresponding points are consecutive along
that line. Notice that we will disregard such lines with exactly one point on them.
However, if p and q lie on the same radial line, it is possible that ℓα(p) = ℓβ (q). In
this case, the construction of the graph H could lead to multiple edges between some
pairs of vertices. Any time that there are multiple edges between a pair of points, r
and s, draw each edge as a smooth curve, C , connecting the appropriate points close
enough to the line segment, L , connecting those points so that there are no other
points from E in the region bounded by C ,L , and the points r and s.

We now deal with a possible degenerate case. Suppose there is a point p whose
α-lines contribute much fewer than n edges. In this case, this means that for most of
the values of α ∈ Πp(F), we have that ℓα(p) only has one point. That would imply
that p determines ≳ n distinct dot products with points in F , and we would be done.
So we can assume that it takes about n edges for each point in E. Therefore, there
must be about n2 edges in H.

Define t to be the maximum number of distinct dot products determined by any
point in p ∈ E with points in F . That is, we define

t := max
p∈E

{p ·q : q ∈ F}.

The the bulk of rest of the proof is devoted to showing that t ≳ n
2
3 . For any fixed

radial line, ℓ, the vertices of consecutive points along each of the parallel lines per-
pendicular to ℓ will be connected by as many edges as there are points on ℓ. Because
of our hypothesis on the set E, we know ℓ has no more than n

2
3 points from E on it.

Thus, in our graph, the maximum edge multiplicity will be m ≲ n
2
3 .

We pause here to note a slight change that applies to the case where E = F to
handle the ‘moreover’ part of the theorem. Namely, if we were to have E = F, we
would not need the hypothesis on the number of points on a radial line, as if there
were more than n

2
3 points on a radial line, any of those points would determine at

least as many distinct dot products as are on the radial line, with the points on the
radial line in question, so each such point would automatically satisfy the conclusion
of the theorem statement.

Now that we know the number of vertices, edges, and maximum edge multiplic-
ity, we can try to apply Lemma 1. Recall that we need e > 5mv to apply the lemma.
If this condition were to fail, we would have e ≤ 5mv, but plugging in our values
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of e,m, and v would give us n2 ≲ 5n
2
3 n which is a contradiction. Therefore, we can

proceed assuming that this condition holds, and by plugging in values of e,m, and
v, we are left with

cr(G)≳
e3

mv2 ≳
n6

n
2
3 n2

≳ n
10
3 .

Next, we will pair this with an upper bound for the crossing number of G. Any
crossing between edges only occurs when a line perpendicular to the radial line of
one point, Say p, crosses a line perpendicular to the radial line of another point,
say q. Since each point has no more than t such associated parallel lines (its α-
lines), each pair of points can contribute at most t2 crossings. Because we know
that there are about n2 different pairs of points, we are guaranteed that the total
number of crossings is bounded above by ≲ n2t2. Now, while we don’t know what
the minimum number of crossings in any drawing of G in the plane must be, we can
be sure that it is no more than n2t2, because we have found an explicit drawing with
no more than n2t2 crossings. Putting the upper and lower bounds for the crossing
number together:

n
10
3 ≲ cr(G)≲ n2t2.

This tells us that t ≳ n
2
3 , as claimed. Now, we have shown the existence of one point

x ∈ E that determines ≳ n
2
3 distinct dot products with points in F . We call this point

a good pin. To finish the proof, we just need to show that there are many good pins.
To see this, define the set E1 := E \{x}, and set F1 to be any subset of F with n−1
points. We can run the same argument to get that there is a good pin x1 ∈ E1, that
determines many distinct dot products with the points in F1. Repeat this process
until we have at least m = ⌈n/2⌉ such good pins, and obtain the set Em. To finish,
set E ′ = Em, which is of size ≥ n/2, and consists entirely of good pins.

2.3 Proof of Theorem 2

With a simple pigeonholing argument, we can use Theorem 6 to get a pinned result
in higher dimensions in the case that E = F .

Proof. Suppose t1 is the maximum number of parallel (d − 1)-hyperplanes sup-
ported by points in E that are the level sets of dot products determined by points
in E. That is, these are the higher dimensional analogs of α-lines. Let x be such a
point determining t1 distinct dot products with points in E. Pick one of these paral-
lel (d −1)-hyperplanes, with as many or more points than any of the other parallel
(d−1)-hyperplanes and call it P1. By the pigeonhole principle, we can see that it has
at least ≳ n/t1 points of E. Now we repeat this process within P1. Specifically, we
select x2 ∈ P1 be a point determining t2 distinct dot products, so that no other points
in P1 determine more dot products with points in P1. As before, pick a (d − 2)-
hyperplane P2, that contains greater than (n/t1)/t2 points of E. We continue doing
this, getting successive hyperplanes of one dimension lower until Pd−2 is a plane
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with (n)/(t1t2...td−2) points. By appealing to Theorem 6, we see that this plane has
a point xd−2 that determines (n/(t1t2...td−2))

2
3 distinct dot products.

Now we collect what we know about each of the points x1, . . . ,xd−1. Namely, x1
determines t1 distinct dot products with the points of E, x2 determines t2, distinct dot
products with the points of E, and for all other j < d−1, we have that x j determines
t j distinct dot products with the points of E. Finally, xd−1 determines is at least
≳ ((n)/(t1t2...td−1))

2
3 distinct dot products with the points in E. Putting all of this

together, we have

max
x∈E

|Πx(E)|≳ max
{

t1, t2, . . . , td−2,((n)/(t1t2...td−2))
2
3

}
. (1)

Now we consider the case when all of the components are approximately equal,
namely if

t1 ≈ t2 ≈ ·· · ≈ ((n)/(t1t2...td−2))
2
3 .

In this case, we get that

t1 ≈

(
n

td−2
1

) 2
3

,

which gives us
max
x∈E

|Πx(E)| ≈ t1 ≳ n
2

2d−1 .

Now we deal with the case that one of the t j is significantly bigger one of the others.
It is straightforward to see that this would only increase the lower bound for |Πx(E)|.
The same is true if the final term, ((n)/(t1t2...td−2))

2
3 , is significantly larger than the

t j. To prove this rigorously, one can set up a Lagrange multiplier argument, or take
logarithms of each term in base n and use linear programming.

To summarize, we are able to pigeonhole our previous argument onto higher
dimensions by running the algorithm on each hyperplane determined by our points.
In general, our lower bound for higher dimensions is:

max
x∈E

|Πx(E)|≳ n
2

2d−1 .

2.4 Proof of Theorem 1

This argument closely follows the arguments in [23], by Dung, Pham, and the fourth
listed author, which was inspired by the work of Ou and Taylor in [21]. The proof of
Theorem 1 will follow by applying this more technical result. For brevity, we often
conflate a point in R2 with its associated vertex in a graph. Given a tree T with a
vertex v, we will often refer to the pair of them by (T,v).

In essence, what the theorem says is that if we fix a tree T and isolate a vertex v,
then there are many points x that serve as the vertex v in many trees T ′, isomorphic
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to T , and that these isomorphic copies T ′ have a wide variation of dot product edge
weights.

Theorem 7. Given two subsets E and F of R2 consisting of n points each, a tree T
with k edges, and an arbitrary vertex v of T , we have that there is a subset E ′ ⊂ E
of size |E ′| ≥ 2−kn − o(n) with the property that for any x ∈ E ′, the number of
distinct edge weight k-tuples, w⃗, from trees T ′

w⃗ with (T,v) isomorphic to (T ′,x), and

T⃗w \{x} ⊂ F is at least ≳ n
2k
3 .

We now prove Theorem 7 by induction on k. The base case is when k = 1, which
holds by applying Theorem 6. We assume that the conclusion holds for any tree on
k vertices, and then show that it also holds for any tree on k+1 vertices. We will do
this by splitting into two cases: the case where v is a leaf of T (only adjacent to one
other vertex of T ) and the case where v is not a leaf of T .

If v is a leaf of T, then it has a unique adjacent vertex, which we call u. Notice
that the tree S := T \ v has k edges, so we can apply the induction hypothesis to get
that there is a subset E ′ ⊂ E with size at least 2−kn such that for all x ∈ E ′, there
are ≳ n

2k
3 distinct dot product edge weight k-tuples w⃗ for trees S′w⃗ with x as a vertex

so that (S′w⃗,x) is isomorphic to (S,u). Recall that for tree isomorphism here, we are
not concerned with the edge weights. We are showing that there are many different
trees with the same general shape, but different edge weights. Next, we can apply
Theorem 6 to the set E ′ and any subset of F ′ ⊆ F of size |E ′| to get that there a
subset E ′′ ⊆ E ′ of size at least |E ′|/2, so that every point x ∈ E ′′ determines at least
≳ n

2
3 distinct dot products with points in F ′. Putting this all together, we have that

there is a set, E ′′ of size at least |E ′|/2 ≥ 2−(k+1)n so that any point x ∈ E ′′ satisfies
the conclusion of the theorem. This handles the case that v is a leaf.

We now turn our attention to the case that v is not a leaf. In this case, we will
break up T into two trees that share only the vertex v. So T1 is a tree with at least
one edge and v as a vertex, T2 is also a tree with at least one edge with v as a vertex,
and the union of the two trees is T . Suppose the number of edges in T1 is k1, and
the number of edges in T2 is k2. As k is the total number of edges in T , and they are
all accounted for without repeating by considering both T1 and T2, we can see that
k = k1 + k2.
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Figure 1: Here we can see the tree T with vertex v decomposed into T1 and
T2, both of which also have vertex v.

Next, we arbitrarily partition E into two subsets of equal size (either both n/2 or
(n+1)/2 and (n−1)/2), so we have

E = E1 ⊔E2.

Next, we similarly partition F into two subsets of nearly equal size, to get F1 and
F2. We will now perform the following steps for both E1 and E2 separately. In what
follows, we will often need various sets to be the same size, but they could be off
by one. If this is the case, we merely delete a point from the larger set as needed
providing a negligible error considering the fact that n is large.

Because k1 ≤ k, we can apply the induction hypothesis to Ei and F1 with (T1,v)
to find a subset E ′

i ⊆ Ei of size at least 2−k1 |Ei| with the property that for every

x ∈ E ′
i , there are at least ≳ n

2k1
3 distinct dot product k1-tuples w⃗1 corresponding to

trees isomorphic to T1 with x serving as the vertex v and the other vertices coming
from points in F1. Now, we find an arbitrary subset F ′

2 ⊆ F2 of size |E ′
1|. Because

k2 ≤ k, we can again appeal to the induction hypothesis for the sets E ′
i and F ′

2 with
the tree T2 and vertex v. This guarantees the existence of a set E ′′

i ⊆ E ′
i whose size

is at least
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|E ′′
i | ≥ 2−k2 |E ′

i | ≥ 2−k2−k1 |Ei|= 2−k|Ei| ≥ 2−k−1n−1, (2)

with the property that for every y ∈ E ′′
i , there are at least ≳ n

2k2
3 distinct dot product

k2-tuples w⃗2 corresponding to trees isomorphic to T2 with y serving as the vertex
v and the other vertices coming from points in F ′

2. Because E ′′
i ⊆ E ′

i , each of these

points y ∈ E ′′
i also determines at least ≳ n

2k1
3 distinct dot product k1-tuples w⃗1 corre-

sponding to trees isomorphic to T1 with y serving as the vertex v. Because we chose
F1 disjoint from F2, we know that the points in F1 that serve as vertices for isomor-
phic copies of T1 are disjoint from the points from F2 that serve as vertices for the
isomorphic copies of T2.

We now generalize a term from before. Here, a good pin is a choice of v determin-
ing sufficiently many distinct dot product tuples from their respective dot product
trees, in analogy to the same term applied to single dot products in the proof of
Theorem 6. Recall that we run the above argument for both E1 and E2, which were
disjoint. So we can add the good pins v coming from E1 to the good pins v coming
from E2 and appeal to (2) to get a lower bound on the number good pins to be

|E ′| ≥ |E ′′
1 ⊔E ′′

2 | ≥
(

2−k−1n−1
)
+
(

2−k−1n−1
)
= 2−kn−2 = 2−kn−o(1),

as claimed.
To finish, notice that by definition, the dot product k-tuple w⃗ is what we get by

combining w⃗1 and w⃗2. Moreover, F1 and F2 were disjoint, so the total number of
distinct dot product k-tuples w⃗ determined by isomorphic copies of T with v coming
from E and the other vertices coming from F is at least the product of the number
of dot product k1-tuples w⃗1 associated to isomorphic copies of T1 from F ′

1 times the
number of dot product k1-tuples w⃗2 associated to isomorphic copies of T2 coming
from points in F ′

2.

≳ n
2k1

3 ·n
2nk2

3 = n
2(k1+k2)

3 = n
2k
3 , (3)

finishing the induction step, and therefore the proof of Theorem 7.

2.5 Proof of Theorem 3

Theorem 3 will follow from the following two constructions, which we state sepa-
rately as propositions. The first one is adapted from a construction given in [20].

Proposition 1. Given a tree T on k edges, there exists a set of n points in Rd and a
k-tuple of dot product edge weights w⃗ so that there are ≳ n⌈k/2⌉ isomorphic copies
of T in the set whose edge weights are w⃗.

The second proposition is adapted from a construction given in [19].
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Proposition 2. Given a tree T on k edges, there exists a set of n points in Rd so that
there are ≳ n1+k(d−1)/(d+1) isomorphic copies of T in the set whose edge weights
are 1.

Combining these two yields Theorem 3. We now prove each of the propositions.

2.5.1 Proof of Proposition 1

This construction is a modification of a chains construction in [20]. It can be easily
modified any number of ways, but we restrict to one way that is relatively easy to
communicate, while still showing the essential components that one might want to
modify. We begin by 2-coloring the vertices tree T , which we can do because the
chromatic number of any tree is at most 2. Call the two bipartition sets U and V ,
and suppose without loss of generality that |U | ≥ |V |. Now let k1 denote the size of
U and let k2 denote the size of |V |. So k1 + k2 = k+1. Recall that by definition, we
know k1 = |U | ≥ ⌈k/2⌉. Now we proceed with the following algorithm. Pick any
vertex in U and call it u1.

We will now put points on the standard xy-coordinate plane. Place ⌊(n− k2)/k1⌋
points along the line x = 1 in the plane. Now suppose that u1 has a1 neighbors in
T called v1,1 through v1,a1 . For each such neighbor v1, j, place a point at (1+ j,0).
So any of the points along the line x = 1 have dot product 1+ j with the point at
(1+ j,0). Now, call the b neighbors of v1,1 (other than u1) u2,u3, . . . ,ub. For each
such neighbor u j, place ⌊(n− k2)k1⌋ points on the line x = 1+a1 + j. Continue by
placing single points along the x-axis for vertices from V , and columns of ⌊(n−
k2)/k1⌋ points for each vertex from U , keeping track of the relative dot products.
After all of the vertices in U and V have been processed, place any other remaining
points in such a way that they do not overlap with previously placed points, until
you have a total of n points, and the construction is finished.
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Figure 2: Here we can see the tree T with vertices broken up into U and V ,
along with a set of points in R2 that correspond to it. Note for example, the
point at (6,0) will always a choice for v2,1, and its dot product with any point
in the column of points with x = 8, each of which is a possible choice for u4,
will have dot product 48, so we have the dot product edge weight of 48 on
the edge connecting v2,1 and u4.

2.5.2 Proof of Proposition 2

This construction is essentially the discrete part of the construction in [19]. We
describe this construction in full detail for a self-contained exposition. The new
piece here is how to embed the trees. Also, in Proposition 2, we stress that the dot
products are always 1, as opposed to the previous construction, for Proposition 1,
where our choices of dot product edge weights might have to be different. The basic
idea is to construct two sets, E and F , where every point in either set makes the dot
product 1 with many points in the other set. The set E will be a kind of lattice, so it
will have many points on many hyperplanes. The set F will be the points that make
dot product 1 with many of the hyperplanes. We now make this precise.

For a large natural number n, fix q ≈ n
1

d+1 . Now define two sets of numbers:
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A :=
{

q+ i
2q

: i = 1, . . . ,q
}
,

and

B :=
{

q2 + i
2q2 : i = 1, . . . ,q2

}
.

To build our lattice, E, we will take the (d − 1)-fold Cartesian product of A with
itself, and then take the Cartesian product of this set with B. By construction, we
can see that |E|= qd−1 ·q2 ≈ n. Next, we focus on the point set F , which will also
be built using the sets of numbers A and B. We use (−A) to denote the negatives of
each element of A. We write (−A) := {−a : a ∈ A}. With this in tow, we define the
point set F :

F :=
{(

−c1

b
,
−c2

b
, . . . ,

−cd−1

b
,

1
b

)
: c j ∈ (−A),b ∈ B

}
.

Now we want to get a handle on point pairs whose dot product is 1. Dot products
are constant on hyperplanes, so given a d-tuple, (c1,c2, . . . ,cd−1,b), we can define
the hyperplane

h(c1,c2, . . . ,cd−1,b) :=

{
(x1,x2, . . . ,xd) ∈ Rd : xd =

(
d−1

∑
j=1

c jx j

)
+b

}
.

We will now focus on the following set of hyperplanes

H :=
{

h(c1,c2, . . . ,cd−1,b) : c j ∈ (−A),b ∈ B
}
.

These hyperplanes are the sets of points that determine dot product 1 with points in
F. To prove this, consider a d-tuple, (c1,c2, . . . ,cd−1,b) ∈ (−A)d−1 ×B, and com-
pute the dot product of the associated element of F and any point on the hyperplane
associated to the same d-tuple. To be precise, consider the point f ∈ F given by

f =
(
−c1

b
,
−c2

b
, . . . ,

−cd−1

b
,

1
b

)
to be associated to h f := h(c1, . . . ,cd−1,b),

a hyperplane in H, and compute its dot product with an arbitrary x ∈ h f . Their dot
product will be

f · x =
(
−c1

b
,
−c2

b
, . . . ,

−cd−1

b
,

1
b

)
·

(
x1,x2, . . . ,xd−1,

(
d−1

∑
j=1

c jx j

)
+b

)

=

(
d−1

∑
j=1

−c jx j

b

)
+

(
d−1

∑
j=1

c jx j

b

)
+

b
b
= 1.
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We now consider any f ∈ F . The associated hyperplane, h f ∈ H, consists of points
that have dot product 1 with f . By construction, for most1 f ∈ F, the associated
hyperplane h f will have ≈ qd−1 points from E. Moreover, the dual relation also
holds. That is, for most e ∈ E, there are about qd−1 points f ∈ F such that e · f = 1.

Now we embed our trees as in the proof of the previous result. For any tree T , we
2-color the vertices to obtain disjoint vertex sets U and V. Fix some vertex from U to
be u1. Let any point f1 ∈ F be a choice for u1. We consider the set of qd−1 choices of
e ∈ h f1 that have dot product 1 with f1. Suppose that u1 has a1 neighbors in T , and
designate these by v1,1,v1,2, . . . ,v1,a1 . For each of these, we select a different point in
h f1 . Notice that there are qd−1 choices for each of them. Now consider the neighbors
of v1,1 in T , and for each representative point e1,1 ∈ h f1 of each of them, choose from
the qd−1 points of F that make dot product 1 with e1,1. Continuing in this way, each
new vertex that is processed in the tree has ≈ qd−1 possible choices. Since there were
≈ n choices for u1, and each of the k subsequent points had qd−1 ≈ n

d−1
d+1 choices,

we end up with a total of ≳ n1+k(d−1)/(d+1) isomorphic copies of T in the set whose
edge weights are 1, as claimed.
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